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Introduction
Suspension flows represent a complex dynamical sys-
tem due to the nonlinear coupling of the flow and
the particle positions, which in turn determine the
flow. Even in the zero Reynolds’ number Stokes flow
limit, where the flow is linear and reversible, the
presence of particles induces chaos and irreversibil-
ity [1, 2, 3]. Here, we present work on a novel mesh-
less particle method using Generalized Moving Least
Squares (GMLS) for high-order simulations of sus-
pension Stokes flows with arbitrary particle shapes
and complex, deforming domain boundaries [4, 5, 6].
Applications of such flows occur both in nature and
in industry, and include microfluidic systems for cell
sorting and inertial focusing [7], the microstructure
that appears due to particle stresses with spherical
particles at high volume fraction [8], and particle mi-
gration and segregation by size or density [9, 10, 11].

Generalized Moving Least
Squares (GMLS)

We want to approximate a function u near a point
xi. Define

uh(x;xi) = q∗(xi)

where q∗ is the solution to a weighted l2 optimiza-
tion problem:

q∗ = arg min
q∈πm

N∑
i=1

[u(xj)− q(xj)]2Wij

Operator Dα is found by applying Dα to the re-
construction:

Dαui ≈ Dα
hui := Dαq∗(xi)

GMLS for Stokes Flow
•Recently developed Staggered MLS scheme for
numerical solutions of Stokes flow

•Polynomial interpolants are used to represent the
flow using least squares minimization

•High order accurate (4th or 6th order easily
obtained by changing the order of the polynomial
interpolants.)

•Force-free and torque-free colloids with position
Xi, orientation Θi, and boundary ∂Ωi.

−ν∇2u +∇p = f x ∈ Ω
∇ · u = 0 x ∈ Ω
u = w x ∈ ∂Ω
u = Ẋi + Θ̇i × (x−Xi) x ∈ ∂Ωi

•Choose u in the space of divergence free vector
fields.

•Each operator found as the minimization over the
space of divergence-free polynomials in R3 of
degree n.

Implementation
•Because of the form of minimizing a polynomial,
we can write each quantity as a linear
combination, forming a global matrix:

∇2
hpi =

∑
j∈supp(Wij)

α1
ijpj

∇hpi =
∑

j∈supp(Wij)

α2
ijpj

∇×∇×h ui =
∑

j∈supp(Wij)

α3
ijuj

•Dirichlet boundary conditions are inforced on the
global matrix.

•Lack of symmetry makes it difficult to provide
divergence free. The flow is only divergence free
in the local polynomial reconstruction.

•Currently implementing a massively parallel code
in collaboration with the Compadre project at
Sandia National Laboratories

•Uses the Trilinos linear algebra package and
Nanoflann near-neighbor search

•To do: implement more efficient preconditioners

Results

Figure 1: GMLS results for a solid sphere settling in a unit box with Dirichlet boundary conditions. Left: diagram of setup. Middle:
locations of GMLS collocation points, colored by the velocity magnitude. Right: velocity vector field.

Conclusions
•Developed a high-order, scalable meshfree
discretization for solving systems of partial
differential equations using Generalized Moving
Least Squares (GMLS) polynomial
reconstructions to provide a computationally
efficient method for use with general boundary
conditions while maintaining stability.

•Methods are fast and stable and use only the
graph of neighbor connectivity

•Use of the scientific computing packages available
in the Trilinos Project allows for solving
large-scale, complex problems in parallel.
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